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Null-field radiationless sources: Comment
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We elaborate upon a recent paper of E. Hurwitz and G. Gbur [Opt. Lett. 39, 6529 (2014)],
dealing with null-field sources. After commenting on their theory in Minkowski space, we show how
the theory can be conveniently generalized to the case of curvilinear space.
The recent interesting paper of Hurwitz and Gbur [1]
deals with nonradiating sources - sources whose fields
are limited to a finite region of space and exactly equal
to zero outside this region. The topic is in itself old,
with roots going back to Ehrenfest (1910). Null-field
sources have later been considered elsewhere, for instance
in Ref. [2]. The interest in this topic is understandable,
among other things because of its relationship to cloaking
devices.
We will focus on two issues related to Ref. [1]:
1. Consider first Maxwell’s equations for monochro-
matic modes in Minkowski space (η00 = −1, c = 1):
curlE = iωB, divB = 0, curlH = −iωD, divD =
0. Using D = E + P,B = H + M we obtain from this
curl curlE− ω2E = ω2P+ iω curlM. Thus, if
− iωP+ curlM = 0, (1)
the above equation for E becomes homogeneous. That
this really yields a null-field solution, can be verified via
Green-function methods [1].
The expression (1), when written in a slightly more
general form as (∂0P + curlM), gives the total current
density in matter when extraneous currents are omit-
ted. One may ask: can one herefrom conclude that
the electromagnetic force density can written simply as
(∂0P+curlM)×B? This is a very central point in electro-
dynamics. The argument seems quite natural formally,
and has occasionally been presented in the literature, the
first one probably being Poincelot [3]. In our opinion the
answer to the question is however no. Space forbids us to
go into detail here, but the extensive investigation given
in Ref. [4] shows that all known experiments in optics
are more naturally explained in terms of the Minkowski,
or equivalently the Abraham, energy-momentum tensors.
Cf. also Ref. [5]. We emphasize that this conclusion rests
primarily on experimental, not on theoretical, input.
2. Second, we point out that the above theory can
conveniently be generalized to the case of curvilinear
space when the metric is time-independent and time-
orthogonal. Then the four-dimensional metric gµν re-
duces to g00 and gik, the nondiagonal components be-
ing zero. We introduce the antisymmetric pseudotensor
ǫijk = γ
1/2δijk, with γ = det(gik), δ123 = 1. There are
two field tensors, Fµν and H
µν , related to the electro-
magnetic fields via F0i = −Ei, Fik = ǫiklB
l, H0i =
(−g00)
−1/2Di, Hi =
1
2
ǫiklH
kl. As the curvilinear space
functions like a ”medium” with permittivity equal to the
permeability: ε = µ = (−g00)
−1/2, the constitutive re-
lations take the form D = (−g00)
−1/2(E+P), B =
(−g00)
−1/2(H+M), whereby the field equation for
E becomes curl [(−g00)
1/2curlE] − ω2(−g00)
−1/2
E =
ω2(−g00)
−1/2
P+iω curlM. The null-field condition anal-
ogous to Eq. (1) is
− iω(−g00)
−1/2
P+ curlM = 0. (2)
A few examples can here be considered, the most typical
one being the Rindler space corresponding to a constant
acceleration a along the x axis with respect to the iner-
tial background space. (This space even allows a huge
Casimir effect at finite temperature [6].) The metric
is ds2 = −a2x2dt2 + dr2. Putting a = 1 we obtain in
this case the null-field condition −(iω/x)P+curlM = 0.
Other typical examples are the anisotropic Kasner space,
and the Schwarzschild space.
Note: this result concerns fundamental physics primar-
ily. It shows the great validity of the electromagnetic
formalism when generalized to curvilinear space, and is
in general use in general relativity and cosmology. Un-
der daily-life conditions the transformation technique has
found an interesting, and perhaps unexpected, applica-
tion in cloaking devices, as mentioned.
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